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o & we develop probabilistic models that consider two spatial or temporal sites, where
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abilities in two sites along species labels, we develop a means to conceptualize the
heterogeneity in presence probabilities: the steepness or unevenness of SIPs reflects
species-level heterogeneity, while the degree of overlap between SIPs indicates site-level
heterogeneity. We find that when SIPs completely overlap (i.e. two sites have the same
presence probability for each species), flat SIPs - with all species having the same pres-
ence probability - maximize the expected beta-diversity. We refer to this prediction as
the ‘transfer principle for beta’. Second, using SIPs and the probabilistic method in a
two-species scenario, we demonstrate that beta-diversity is lower when SIPs are parallel
compared to when they are anti-parallel. We also find that this prediction is consistent
with the well-known checkerboard pattern in incidence matrices. Finally, we apply the
method to the species distribution models for five woodpecker species in Switzerland,
showing that their spatial distributions will change significantly. Overall, this work
improves our understanding of how pairwise beta-diversity responds to occupancy
heterogeneity.
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Introduction

Beta-diversity represents the spatial or temporal variation in
species compositions (Whittaker 1972, Anderson et al. 2010,
Chase et al. 2019). Beta-diversity links diversity across scales,
and varies with fundamental processes such as dispersal, envi-
ronmental filtering, and species interactions (Anderson et al.
2010, Vellend 2010, Socolar et al. 2016, Maynard et al.
2017, Legendre 2019, Thompson et al. 2020). The decline
in beta-diversity, biotic homogenization, has raised signifi-
cant concerns, as it may reduce ecosystem functioning across
the globe (Olden and Poff 2003, Olden and Rooney 2006,
Hautier et al. 2017, Mori et al. 2018, Olden et al. 2018,
Albrecht et al. 2021, Wang et al. 2021, Rolls et al. 2023).
Clarifying the patterns of changes in beta-diversity (‘beta-
diversity patterns’) in response to variations in biotic and abi-
otic conditions should lead to an improvement in our ability
in biodiversity management, conservation, and urban plan-
ning in our modern society, from a spatially global perspec-
tive (Crowther et al. 2015).

Estimates for beta-diversity include pairwise indices
derived from empirical presence—absence data (incidence
data; Colwell and Coddington 1994, Koleff' et al. 2003).
Incidence-based beta-diversity leverages simplicity by using
binary data. Despite its simplicity, patterns of variability in
incidence-based beta-diversity are not well conceptualized,
with previous studies yielding mixed results. For example,
some theoretical work shows that dispersal reduces beta-
diversity (Loreau 2000, Thompson et al. 2020), whereas
other work shows that the impact of dispersal depends on
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metacommunity model-structure (Lu et al. 2019, Lu 2021).
Meanwhile, experimental work suggests that dispersal may
promote beta-diversity (Vannette and Fukami 2017). One of
the challenging goals in the field is to make better sense of
such complex beta-diversity patterns.

Organisms live in highly heterogeneous environments
(Abson 2017), with such heterogeneity rendering the prob-
lem of beta-diversity patterns even more challenging. That is,
patterns of species occupancy (which we refer to as ‘chance of
occurrence’ in this article) are highly heterogeneous and may
shape complex beta-diversity patterns. In the simplest scenario,
the chance of occurrence is equal among all species across all
sites (Fig. 1A). This premise does not always hold, however. In
general, species have different chances of occurrence in space
(for instance, due to differences in niches), exhibiting geo-
graphically interspersed distributions (Fig. 1B; ‘checkerboard
pattern’, Diamond 1975, Connor and Simbetloff 1979). To
provide another example, one site may have a higher chance
of occurrence for all species than other sites, even if all species
have an equal chance of occurrence (Fig. 1C). In such cases,
the incidence at one site is nested within that of another, thus
leading to large beta-diversity (Darlington 1957, Patterson
and Atmar 1986, Patterson 1987, Ulrich and Gotelli 2007).
In general, the chance of occurrence differs both among
species and sites (Fig. 1D), i.e. the chance of occurrence is
heterogeneous among species and across sites (‘occupancy het-
erogeneity’, MacKenzie et al. 2018, Chapter 4); in such cases,
interpreting beta-diversity patterns, if any, is highly challeng-
ing. The problem thus is how we can better conceptualize beta-
diversity patterns associated with occupancy heterogeneity.
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Figure 1. Stochastic incidence plots (SIPs). Presence probabilities in site 1 (orange) and site 2 (blue) are depicted along species labels. When
two SIPs completely overlap, the two sites are homogeneous (A)—(B). When two SIPs are both flat, all species have the same chance of
occurrence (A), (C). In general, two SIPs are different and neither of them is flat (D), with numerous patterns of SIPs possible. SIPs there-
fore capture the intricate heterogeneity in the presence probabilities of species across space.
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Numerous theoretical studies have attempted to pre-
dict beta-diversity patterns. Specifically, recent work has
developed a general, metacommunity dynamical model on
the effects of density-independent abiotic factors, density-
dependent species interactions, and dispersal among patches,
on beta-diversity (Whittaker 1972, Thompson et al. 2020).
However, Thompson et al. (2020) do not explicitly con-
sider how beta-diversity co-varies with occupancy hetero-
geneity per se. We take a complementary, static approach:
we develop a probabilistic framework and model occupancy
heterogeneity as the differences in the probabilities of species
occurrences, without explicitly specifying mechanisms and
processes of community assembly. Applying the stochastic
theory has several advantages. First, it allows us to study sum-
mary statistics, e.g. expectation and variance, of beta-diver-
sity and to examine how they vary with the variations in the
presence probabilities among species and among sites. It thus
enables us to gain information on the null distribution of
beta-diversity against which to generate and test hypotheses
(Gotelli and Graves 1996, Leibold et al. 2004, Gotelli and
Ulrich 2011, Hui and McGeoch 2014, Chung et al. 2019,
Thompson et al. 2020). Second, it allows us to consider vari-
ous patterns of occupancy heterogeneity (Fig. 1A-D) and
therefore enables an exploration of their co-variability with
beta-diversity. Third, the recent theoretical development of
occupancy estimation is based on the stochasticity of species
occurrences (MacKenzie et al. 2018).

Throughout the article, we assume that species incidences
are independent of each other both within and between sites
to nullify correlations among them, the so-called ‘species-
independence assumption’ (Chung et al. 2019, Lu et al.
2019, Kalyuzhny etal. 2021, Lu 2021, Ontiveros et al. 2021).
Biologically, the species-independence assumption implies
that no biotic interaction occurs, and environmental effects
are captured by the probability that species are present. We
derive the exact formulae and approximation of the expecta-
tion and variance of a pairwise beta-diversity index, Jaccard
dissimilarity (Jaccard 1908, 1912, Veech 2013, Arita 2017,
Keil et al. 2021). We then derive several theoretical predic-
tions of the consequences of occupancy heterogeneity for the
expectation of beta-diversity. In addition, we propose using
a diagram (‘stochastic incidence plots’; SIPs) that depicts
the presence probabilities along species labels for each site,
thereby easing a visual interpretation of occupancy hetero-
geneity (Fig. 1). For example, non-flat (e.g. sloped) SIPs rep-
resent a scenario where presence probabilities differ among
species; also, when two SIPs do not fully overlap (e.g. nested),
two sites are differentiated in species presence probabilities.
SIPs can therefore allow us to interpret the co-variability of
beta-diversity and occupancy heterogeneity. We highlight the
two-species case as the minimal model to fully analyze the
relationship between beta-diversity and occupancy heteroge-
neity. We thereby link the SIPs and the probability distribu-
tions of incidence matrices. This analysis allows us to examine
how a pair of species with different chances of occurrence
influences beta-diversity.
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Method and result

The notation is summarized in Table 1.

Model

Incidence matrix
We consider a landscape consisting of two spatial locations
(or temporal points) and compare the difference in spe-
cies compositions. We write S, for the maximum number
of species present in the landscape (‘species pool size’). We
write X for a binary state of incidence of species s in site
7 (X =1 for presence and X =0 for absence, respectively),
with s=1,2,...,5; and r=1,2. We generically write X, whose
(r,)-element is X, for a 2-by-S; incidence matrix.
Diversity index

Here we define diversity measures. The sum

St

resents species richness in site 7, and X1,X,, repre-
s=1

sents the number of species shared by the two sites. Also,
we define the following Boolean variables. If species s is
present in at least one of the sites, then X| +X, — X X, =1
(otherwise, 0). Therefore, gamma-diversity, defined as the
number of species present in the landscape, is given by

s
Z ' (Xi, + Xo, — X1, X5,) . Similarly, if species s is present
s=1

St
X, rep-
s=1

in only one of the sites (referred to as being ‘unique’ in
this study, following Colwell and Coddington 1994), then
X +X,, = 2X X, =1 (otherwise, 0). Therefore, the number

\S‘v -~
of unique species is given by E [ (X, + X5 —2X1,X,,).
s=1

Using these Boolean variables, Jaccard dissimilarity (JD)
is given by:

S
(# unique species) Z _1X1,; + X, —2X X,

(gamma diversit}’) ZST X, +X,, - XX,
=1 ’ T

X =

(1)

(Jaccard 1908, 1912; the Supporting informationexplains
why JD is a suitable beta-diversity measure). Though JD has
long been used as a measure of beta-diversity, its probabilistic
properties are poorly understood (Real and Vegas 1996).

Stochastic analysis

Here we describe stochasticity in incidence matrices assuming
that species incidence is independent of each other (species
independence assumption). We write p, for the probability
that species s is present in site 7, i.e. probability that X =1
(MacArthur and Wilson 1963, Real et al. 2016, Carmona
and Pirtel 2020). For notational simplicity, we write 2, =1
— p,. for the probability that species s is absent from site 7.
The species-independence assumption implies that the prob-
ability of the occurrence of incidence matrix X is given by:
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Table 1. Summary of notation used in the main text.

Notation Definition Note

s, s Species label s=1,2,...,5;

S The maximum number of present species ‘species pool size’

r Site label, r=1,2 ‘sites’ may be spatial or temporal
X, Incidence of species s in site r 0 (absence) or 1 (presence)

Xisp Incidence matrix of size 2-by-S; abbreviated to X

= Defining a quantity

Pis Prob species s is present in r a,,=1—p,, for the prob of absence
b, Prob species s is present in both sites b for ‘both’

d, Prob species s is absent from both sites d for ‘double absence’

u, Prob species s is present in either site 1 or 2 u for ‘unique’

Py Prob the incidence matrix X occurs Eq. 2

Jx Jaccard dissimilarity for an incidence matrix X JD

Yx The number of species present for matrix X ‘gamma-diversity’

El/] Expectation of Jaccard dissimilarity cE[/] for conditional expectation
Jheur Approximation of cE[/] ‘heuristic approximation’

M, Average presence probability in site r

a Alpha diversity (richness per site) c.f. key result 2

St

2
2=T1[ 1z =" @)

=1 =
Next, we define the following probabilities: species s is 1)
present in both sites with probability &, := p, - p, ; 2) unique
with probability « := a, -p, +a, -p, ; or 3) absent from both
sites with probability & := 4, ra,, with b +u+d =1. Also,

St
we write |, = E v | St for the average presence prob-
s=I

ability in site 7.

It is worth examining how these probabilities, &, #, ,
and 1 — d(= b +u), change with presence probabilities (p, ,
2,.)> especially the effect of similarity between p, and p,,
(Supporting information). The probability of unique pres-
ence, #u, is large when two sites have dissimilar presence
probabilities (Supporting information). The probability of
double-presence, 4, is large when two sites have large and
similar presence probabilities. Finally, the probability of pres-
ence in at least one site, 1 — 4, is large when two sites have
large and dissimilar presence probabilities.

Stochastic incidence plots (SIPs)

Given that beta-diversity varies with occupancy heterogene-
ity, how can we interpret such co-variability? We here intro-
duce a graphical tool, stochastic incidence plots (SIPs). SIPs
consist of a pair of plots each depicting the presence prob-
abilities in site 7, ( Pri> Prase-o> Prse ) , along species labels
s=1,2,...8;, where we set p, | as the maximum among the all
2,.s. Note that the idea of depicting occupancy probability
along some variables (e.g. species, or environmental gradient)
per se is not novel.

SIPs provide a useful visual interpretation of occupancy
heterogeneity (Fig. 1). First, SIPs fully overlap each other
when two sites have the same presence probabilities for each
species (Fig. 1A, B). Biologically, this scenario is relevant
when: 1) presumably the environmental conditions in two

sites are similar, or 2) the actual environmental conditions
are unknown and therefore one uses a common value for
both sites; note that we can incorporate correlations between
sites for the analyses of JD (Supporting information), but we
focus on the case of two sites being independent.

Second, SIPs are both flat if and only if all species have the
same presence probability in each site: p,; = p,, =...= p. o
for each site, r=1,2, (Fig. 1A, C). Biologically, this occurs
when all species are equiprobably present (i.e. all species have
the equal chance of occurrence). Finally, SIPs do not fully
overlap nor are flat (Fig. 1D), in which case there are diverse
patterns of intersections of SIPs. SIPs can therefore allow us
to qualitatively characterize the occupancy heterogeneity.

Analytical result: expectation of JD and its
approximation

We denote the expectation of JD by E[]] = prx]x

where the sum is taken over all possible incidence matrices
sized 2-by-S;. Using the probability-generating polynomials
(Cressie et al. 1981, Lange 2010), we get:

Y

E[/]:Zusj' [ ] +0-d)z) |dz 3)

=1 O ()

(See the Supporting information for derivation; note that we
can calculate analytically the integral of the product by using
the elementary symmetric polynomials and the beta func-
tion). Equation 3 reads as the sum, over species label s, of the
probability that species s is present in only one of the sites (#)
times the integral of the polynomial product over an interval
from 0 to 1 (with the polynomial referred to as the probabil-
ity-generating polynomial). In the Supporting information,
we prove that the integral for each species s represents the
conditional expectation of the reciprocal of gamma-diversity
(including species s). We also search for analytical formulae of
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other beta-diversity measures, namely the indices of Serensen
(1948) and Whittaker (1972), by using the same method
(Supporting information).

The conditional expected value of JD, given
that there is at least one species present, is given by

cE []] = E[]] / (1 _ HSTld:) , which can be accurately
approximated by:

St
Szu o)
ijl(l ~d,)

(Chung etal. 2019, Lu et al. 2019, Kalyuzhny et al. 2021, Lu
2021, Ontiveros et al. 2021, Supporting information). We
refer to Eq. 4 as ‘heuristic approximation’ in this literature.
The heuristic approximation reads as the proportion of the
expected number of unique species to the expected number
of present species. We find that the heuristic approximation
provides a near-identical result with the conditional expecta-
tion (Fig. 2) and converges to the exact value as the species
pool size increases, S; — + 0o (Supporting information; note
that this limit leads to cE[/] =~ E[/]).

We also derive the exact and approximation formulae
of the variance of JD using the generalized hypergeometric
functions. We find that for flac SIPs, the variance tends to
change only moderately with varying presence probabilities,
and decreases as the species pool size increases (Supporting
information). We do not provide more results of the variance,
as the technical details are complex.

] heur =

Benchmark result: species-equivalence (flat SIPs)

We here assume that all species have an even chance of occur-
rence, so that SIPs are both flat (though not necessarily fully
overlapping). In this case, we find cE[ /] =, ; that is, if p _ is
common for all species for each site 7=1,2, then the heuristic
approximation equates to the exact conditional expectation
(Supporting information).

This result generalizes the results of the previous litera-
ture. Chung et al. (2019) and Ontiveros et al. (2021) have

used the heuristic approximation for the special case where
the presence probabilities are all equal (flat and overlapping;
Fig. 1A), and Lu et al. (2019) and Lu (2021) have generalized
the result to the case where SIPs are flat but are not fully over-
lapping (Fig. 1C). Therefore, the present results of the heu-
ristic approximation are consistent with the previous studies
that use the heuristic approximation as an alternative to the
exact expected value of JD assuming species-equivalence in
presence probability.

Key result 1: site-homogeneity (overlapping SIPs)

We next consider fully overlapping SIPs while keeping the
total average, p, +H,, fixed. We show that, as the chance of
occurrence gets less even (i.e. more uneven), the expecta-
tion of beta-diversity gets smaller (Supporting information).
Specifically, the expectation is maximized when all species
have the same chance of occurrence (Fig. 3). We refer to this
result as ‘transfer-principle for beta’ (Dalton 1920, Jost 2010,
Chao and Ricotta 2019). The transfer-principle for beta can
be interpreted in three different ways. Mathematically, the
expectation of JD is a Schur-concave function (Marshall et al.
1979, Tuomisto 2012, Chao and Ricotta 2019); graphically,
flac SIPs (thus with an equal height for all species) have the
maximum beta-diversity (Fig. 3; see Supporting information
for more details); and biologically, if the occurrence chance is
dominated by a subset of species equally in both sites, beta-
diversity is likely low, because such species are likely found
in both sites but the others are likely absent from both sites.

Key result 2: two species-case under heterogeneity
(general SIPs)

In the general case where species differ and sites are hetero-
geneous, it is hard to interpret co-variability of beta-diversity
with the heterogeneity. To facilitate intuitive understanding,
we focus on a case with two species, s and s, using alphabeti-
cal labels to avoid confusion with site indices 1 and 2. In this
scenario, there are in total 2>?=16 incidence matrices with
different values of JD. Specifically, a pair of species is picked
from the species pool, and we ask whether they contribute to
higher or lower beta-diversity. We do so by analyzing two-
by-two incidence matrices and their relationship with SIPs.

Sr=4 Sr=8 Sr=16
12 - 12 12
~ 10 ) 10- 10
x
S8 8 8
£ 6 6 6
2 4 4 4
% 20 ° 2 2
) o TS, 5o 0 0
%3 04 05 06 07 08 09 1. 83 04 05 06 07 08 09 1. "853 04 05 06 07 08 09 1.

Exact cE[/]

Exact cE[]]

Exact cE[]]

Figure 2. The relative error of the heuristic approximation (defined as (/. — cE[/)/cE[/]] ), for different species pool sizes S, =4,8,16. We
perform Monte Carlo simulations 200 times by drawing p_ from the beta distribution (with parameters 0.95 and 1.15) and compute result-
ing relative errors. The heuristic approximation provides the near-identical approximation of the exact, conditional expectation.
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SIPs (i.e., Prob[presence]) E[J1
1 1

0.5 R 0.5m«%%“““~~~\M_~_._.__~“__~

1 6 11 16 21
Species

EveneOccurence chance—Uneven

Figure 3. Key result 1, the transfer-principle for beta. The presence
probability is identical for both sites for each of the species with a
species pool size S;=23. As the chance of occurrence becomes
uneven (i.e. stochastic incidence plots (SIPs) become more sloped,
from blue to red; left panel), the expectation of JD decreases (right
panel). We use a Hill function that ranges from 0.12 to 0.84, with
the average presence probability (i, +p1,)/2 kept fixed. An uneven-
ness parameter is varied from 0 (completely even; blue), 1, 4, 9 to
16 (= 4% red). See the Supporting information for more details.

Our procedure is summarized as follows (Fig. 4). Step 1),
we classify two-by-two incidence matrices (in total 16) into
seven classes, based on their effects on raising versus reduc-
ing JD. Step 2), we permute four arbitrary values of presence

probabilities to generate six SIPs, which we refer to as ‘fun-
damental SIPs, based on their shapes. Step 3), we examine
how likely it is that each of the six fundamental SIPs produces
each of the incidence matrices of the seven classes.

Step 1): classifying incidence matrices

We first classify the 16 incidence matrices into seven
types, based on how JD changes with appending each
matrix to an arbitrary incidence matrix. For now, we write
((xl,l,xl,z,...,xl,ST ),(xz,l,xz,z,...,xz,ST )) for a two-by-S;
incidence matrix (to make in-line equation notation con-
cise). With this notation, we suppose one has a hypothetical
incidence matrix, say X, =((1,0,1), (1,1,0)) at hand, and
we append it a two-by-to incidence matrix, say X, , = ((1,0),
(0,1)), to get a new incidence matrix X, =((1,0,1,1,0),
(1,1,0,0,1)). Since ]X(2»3> =2/3 <]x(2,3) =4/5, appending
the two-by-two X, ,, to the hypothetical X, , increases beta-
diversity in this example.

We generalize this procedure. We append each of the 16
two-by-two incidence matrices to an arbitrary incidence
matrix (like X, ; above) and assess whether this appendix
increases or decreases JD. As is summarized in Table 2, it

Anti-parallel Checkerboard Parallel Dominance
nestedness nestedness
E[/] = 0.797 E[/] = 0.797 E[J] = 0.707 E[J] = 0.707 E[J] = 0.567 E[/] = 0.567
.
-@-\\permute R e
.o . \
.
sps s’
11
[0 0] 0.28 ] 0.14 } 0.047 0.28 } 0.047 ] 0.14
[:) (1)] ] 0.14 0.28 0.28 } 0.047 ] 0.14 } 0.047
w
2 10
2 [ ] L o 0.22 022 0.22 022 0.22
= 00
o
o
o [ ! 1] I 0.27 0.27 0.27 0.27 0.27 0.27
L 10
w
[ i g] } 0.047 } 0.047 ] 0.14 :| 0.14 0.28 0.28
11
[ : 1] 0.019 0.019 0.019 0.019 0.019 0.019
00
[0 o] } 0.029 } 0.029 } 0.029 } 0.029 } 0.029 } 0.029

Figure 4. The permutation approach to produce the six fundamental stochastic incidence plots (SIPs) (top six panels), with four values
(0.88, 0.56, 0.38, and 0.10) assigned to the presence probabilities. Blue triangle indicates a slope of SIP in site 2 (upward or downward).

'The histograms of the seven classes of incidence matrices, in which gray bars are common across all the fundamental SIPs, whereas the pink
bars are not. Anti-parallel nestedness SIPs most likely produce the nestedness class (top bar in red). The checkerboard SIPs most likely

produce the checkerboard class (second top bar in red). Similarly, the parallel nestedness SIPs most likely produce the nestedness class, but
also likely produce the dominance class (fifth top bar in red) that reduces Jaccard dissimilarity (JD). The dominance SIPs most likely pro-

duce the dominance class (fifth top bar in red).
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Table 2. Classification of incidence matrices, with seven classes
characterizing the two-by-two matrices. The incidence matrices that
have the average number of species (alpha-diversity, a) per site
being 1 are further subclassified according to nestedness, checker-
board, and dominance patterns. The name ‘dominance’ accounts
for the fact that, in both sites, one species has higher chance of
occurrence than does the other. Otherwise if a=0, 0.5, 1.5, or 2,
then each of them consists of a single class as indicated by *'. A
symbol ‘++' indicates it has larger effect than does ‘+', and ‘—
indicates it has a negatively larger effect than does ‘. The plus-
minus symbol (‘+’) indicates a mixed effect (either increases or
decreases Jaccard dissimilarity (JD)).

Richness Effect
per site (o)  Name on D

Incidence class, C

11) (00 1 Nestedness ++
00 )\ 11

10) (01 1 Checkerboard 4+
o)

10) (01) (00Y (00 0.5% Single-one +
oo ao i o)

o1) (10) (11) (11 1.5% Single-zero +
(11]’[11]’[01]’[10]

10) (01 1 Dominance -
i

11 2* All-one _
00 0* All-zero 0
)

follows that: three classes of matrices always increase JD; two
of such three classes (named ‘nestedness’ and ‘checkerboard’
classes, respectively) increase JD more than does the other;
one class of matrices either increases or decreases JD, depend-
ing on the JD of the original, prepended matrix to be larger
or small than 1/2; there are two classes of matrices that always
reduce JD, one of which (named ‘dominance’ class) reduces
JD more than does the other; JD is invariant with append-
ing the all-zero matrix; and the incidence matrices other than
nestedness, checkerboard, and dominance can be completely
classified only by the average richness (marked " in Table 2).
We name such seven classes in Table 2.

Step 2): producing SIPs by permutation — fundamental SIPs

To consider numerous shapes of SIPs, we use a permutation
approach. We pick four arbitrary values between 0 and 1
(they can be generally distinct), with their maximum assigned
to p, , the presence probability of species s in site 1 (without
loss of generality). We then assign the remaining three to the
other presence probabilities py,, pa, pa, > obtaining 3!=6
pairs of SIPs (Fig. 4). We refer to these six pairs of SIPs as
‘fundamental SIPs’.

The advantage of the permutation approach is twofold.
First, by construction, the fundamental SIPs exhaustively
cover possible shapes (e.g. uneven SIPs), including crossed,
parallel, and anti-parallel ones. Second, the fundamental SIPs
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have the same, total average of presence probability (i, +1,)/2,
i.e. we can fix the effect of the average presence probability on
the expectation of JD while varying the unevenness.

We then calculate the expected value of JD for each of
the fundamental SIPs. Among the six fundamental SIPs, we
obtain three distinct types of expected JD values. This halv-
ing occurs because JD is invariant under permutations of site
labels within each species (i.e. swapping p, with p, does not
change the expectation of JD).

We find that three pairs of fundamental SIPs are crossed
each with different expectations of JD, and the others are
uncrossed (Fig. 4; Supporting information). Among the
uncrossed pairs of fundamental SIPs, two of them are ‘paral-
lel’ (both SIPs cline downward) and the remaining are ‘anti-
parallel’ (one of the SIPs upward while the other downward).
In addition, we find that the anti-parallel pair tends to have
higher beta-diversity than does the parallel pair.

We further categorize the six types of fundamental SIPs
into four types (Fig. 4): 1) anti-parallel nestedness, where
SIPs are anti-parallel but uncrossed; 2) checkerboard, where
both SIPs are parallel and crossed; 3) parallel nestedness,
where SIPs are parallel and uncrossed; and 4) dominance,
where one species’ minimum presence probability exceeds
the other’s maximum. Further details are in the Supporting
information.

Step 3): examining the relation between the seven

classes and six SIPs

We examine which of the fundamental SIPs contributes to
higher or lower expected values of JD, by asking how likely
it is that each of the six fundamental SIPs produces which
class of matrices (Fig. 4). Towards this end, we evaluate a his-
togram (probability distribution) of the seven classes gener-
ated by each of the fundamental SIPs, using the following
formula:

Prob [a matrix X of incidence class C occurs}

2

= Prob[X € C] = Zﬁnpjmﬂr{:xﬁj (5)

XeC s=1 r=1

where the summation is taken over the 2-by-2 matrices
belonging to class C.

We find that, with the same probability, the fundamen-
tal SIPs produce each of the single-one, single-zero, all-one,
and all-zero matrices (Fig. 4 gray bars, Table 2; Supporting
information). Therefore, with different probabilities, the
other three classes (nestedness, checkerboard, and dominance
classes) are generated by the fundamental SIPs (Fig. 4 red
bars), implying that the difference in the expected values of
JD for the fundamental SIPs is due to the probabilities of
these three classes.

We thus clarify the difference among the nestedness,
checkerboard, and dominance incidence matrices by gen-
erating the probability distributions of these classes. The
histogram, as well as mathematical arguments (Supporting
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Figure 5. The change in the distributions of woodpeckers. We have quantified the expected, compositional dissimilarity of five woodpecker
species at two time points, current and future, over the region of Switzerland, using occupancy estimations for current and future climatic
conditions. (A) Expectation. Compositional changes are expected to be high in the upper limit of the current distribution and lowlands.
(B) SD (approximated, using the Supporting information). The SD is overall small.

information), shows that: 1) the anti-parallel nestedness SIPs
most likely produce the nestedness incidence matrices; 2)
the checkerboard SIPs most likely produce the checkerboard
incidence matrices; 3) the parallel nestedness SIPs most likely
(as likely as do the anti-parallel nestedness SIPs) produce the
checkerboard incidence matrices; and 4) the dominance SIPs
most likely produce the dominance incidence matrices. We
can generalize this result for any four distinct values of pres-
ence probabilities ( Do Piss Prss ]72,;') used for the funda-
mental SIPs (Supporting information). Hence, this analysis
fully characterizes the relationship between the fundamental
SIPs and the incidence classes.

To gain a better insight of beta-diversity patterns, we com-
pare the difference in the expectations of JD for the funda-
mental SIPs. Specifically, we examine the expectation of JD
for the parallel versus anti-parallel pairs of fundamental SIPs.
We find that anti-parallel pairs have higher JD than do the
parallel pairs. This prediction can be understood consider-
ing the association between the SIPs and incidence matri-
ces: the parallel pair corresponds to dominance incidence
matrices ((1,0),(1,0)) and ((0,1),(0,1)) in which one spe-
cies dominates over the other in the occupancy in both sites,
thus reducing JD. For the same reason, the anti-parallel pair
more likely generates checkerboard patterns than does the
parallel pair, resulting in higher JD. Taken together, these
findings provide clear interpretations of the relation among
SIPs, incidence matrices, heterogeneity, and beta-diversity;
that is, the beta-diversity patterns associated with occupancy
heterogeneity.

Application to species distribution model

Applications of the present method encompass species
distribution models (SDMs; Elith and Leathwick 2009,
Guisan et al. 2017, Zurell et al. 2020b). Generally, SDMs
seek to estimate the presence probability of each species at a
spatial site by using environmental information (e.g. temper-
ature). As SDMs assume that the presence probability of each
species is independent of each other, SDMs are well suited to
the assumption of the present method. We apply the present
method to SDMs of five woodpecker species (Picus viridis, P

canus, Dendrocopas major, D. minor, and Dryocopus martius;
Supporting information, see https://datadryad.org/dataset/
doi:10.5061/dryad.k88v330 for data of the present SDMs),
using the temporal analogue of beta-diversity (temporal beta-
diversity) for an estimate of the difference in the present
and future spatial distributions of these species (Legendre
2019, Magurran et al. 2019). We find that the expectations
of temporal JD are high across the landscape (Fig. 5), sug-
gesting that the distribution of the woodpeckers will change
significantly in the future. We also find that this result is pri-
marily explained by species dynamics in lowland sites where
some species thrived and others failed: P canus, which will
decrease its occupancy rate near the rivers and will increase
in surrounding areas (Fig. 5), and Dendrocopos minor, whose
occupancy is expected to increase in lowlands and valleys
(Fig. 5). JD in hillsides is expected to be moderate due to a
general increment in richness (Fig. 5). These results are con-
sistent with a general trend of Switzerland forest birds mov-
ing to higher grounds as a response to environmental change
(Maggini et al. 2014). See the Supporting information for
the full details.

Discussion

Understanding the patterns of variability in beta-diversity
estimates in response to heterogeneity is of crucial impor-
tance in ecology. We studied the effect of heterogeneity in
species’ presence probabilities (occupancy heterogeneity) on
beta- diversity (Fig. 1). We derived the analytical and approx-
imated formula of the expectation of Jaccard dissimilarity
index (JD) assuming that presence probabilities of species
across sites are generally different (Fig. 2). We first found that,
when all species have the same chance of occurrence in each
site, the formula of the expectation of JD used in previous
studies provides the analytical expression of the conditional
expectation of JD provided that at least one species is present
(Chung et al. 2019, Lu et al. 2019, Kalyuzhny et al. 2021,
Lu 2021, Ontiveros et al. 2021). Using the formula and
numerical approaches, we found that when each species has
the equal chance of occurrence in two sites, the evenness in
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the chance of occurrence yields higher expectation of JD than
does the uneven case (the transfer-principle for beta, Fig. 3,
Supporting information). Also, using the graphical approach,
which depicts the presence probabilities along species for
each site (stochastic incidence plots, SIPs), we classified the
patterns of SIPs associated with the incidence matrices (e.g.
checkerboard and nestedness; Table 2). We identified two
types of SIPs that produce the large expectation of JD: 1)
the anti-paralleled nestedness SIPs, in which two SIPs are
anti-parallel and one site is nested by the other, and 2) the
checkerboard SIPs, in which two SIPs have opposite slopes
(upward and downward) and crossed. In contrast, we also
found that if there is a dominance relationship between spe-
cies, in which a portion of species have higher chances of
occurrence than do others, then the expectation of JD tends
to be low (Fig. 4).

We first focused on the case where each species has the
same chance of occurrence in two sites (i.e. two sites are
homogeneous). In this case, if the chances of occurrence
are more even among species, then the expectation of JD is
higher (transfer-principle for beta). This prediction suggests
that if certain species are dominant in the chance of occur-
rence over others, then the beta-diversity tends to be small.
Consistently, the two-species analysis showed that the anti-
parallel nestedness SIPs have a larger effect on JD than do the
parallel nestedness SIPs; in the anti-parallel SIPs, the species’
chances of occurrence are balanced between sites, whereas in
the parallel SIPs certain species have a predominantly higher
chance of occurrence over the other. This consistency suggests
that chance of occurrence is balanced among species when the
beta-diversity is large. Kvalseth (2015) and Chao and Ricotta
(2019) argued that the evenness must satisfy the transfer-
principle (or Schur-concavity; c.f. Hill 1973, Marshall et al.
1979, Routledge 1983). The transfer-principle for beta can
be thus regarded as an analogous result of the original trans-
fer-principle for local species diversity. From a more practical
perspective, the transfer-principle for beta implies that the
differences in species’ chance of occurrence alone would yield
lower spatial beta-diversity when the spatial environment is
homogeneous, suggesting that preserving spatial heterogene-
ity is needed to retain large beta-diversity. It would be also
interesting to examine how the results of species distribution
models (SDMs; Fig. 5) align with the transfer-principle for
beta. However, because the distributions of the species are
predicted to change dramatically, direct comparison is likely
difficult. Yet, the result might provide useful insight into
the temporal changes in species distributions for data with
temporal windows being fine-grained (thus those omitting
the possibility of large changes). Taken together, the present
result has both theoretical and practical implications for beta-
diversity patterns associated with occupancy heterogeneity.

We carried out a detailed analysis of the relationship
between occupancy heterogeneity and the expectation of JD
for the simplest, two-species scenario. We identified the pat-
terns of SIPs associated with the probability of certain inci-
dence matrices to occur. We categorized the SIPs, which we
generated by a permutation of four distinct probability values,
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into four types: anti-parallel nestedness, checkerboard, paral-
lel nestedness, and dominance. These categories have directly
to do with empirically suggested patterns of incidence matri-
ces. The anti-parallel nestedness SIPs most likely produce
nested patterns of incidence matrices, whereas the checker-
board SIPs most likely produce the checkerboard patterns
of incidence matrices. The parallel nestedness SIPs also most
likely produce the nested patterns of incidence matrices, but
have a lower expectation of JD because these SIPs are also
likely to produce dominance patterns of incidence matrices.
Intuitively, in the anti-parallel nestedness and checkerboard
SIDPs, one site may be suitable for one species while the other
site for other species, thus increasing beta-diversity. The
dominance SIPs likely yield a low expectation of JD. This is
because when one species is more likely to be present in both
sites than is the other, it is likely that the incidence matrices
have mixed or negative effects on JD. From this categoriza-
tion, we can gain better insights on the estimates of beta-
diversity, especially in relation to occupancy heterogeneity.

We showed that the heuristic approximation of JD agrees
well with the conditional expectation of JD, with its accu-
racy improving as the species pool size increases. The heuristic
approximation saves much computational cost compared to
calculating the exact in a brute force approach by avoiding
integrating the polynomial products. We therefore suggest
that when species pool size is large, using the heuristic approx-
imation is suitable. If one wishes to evaluate the exact expecta-
tion (e.g. when species pool size is small), applying the Gauf§
fast Fourier transforms can help in saving the computational
cost (Cooley and Tukey 1965, Heideman et al. 1984). We
remark that the heuristic approximation uses the average val-
ues of uniqueness and double-presence probabilities, not the
average values of the presence probabilities. Using the aver-
aged presence probabilities corresponds to asking whether flat
SIPs yield a good approximation of generally non-flat SIPs.
We found that the relative error is large, although becomes
small as the species pool size increases (Supporting informa-
tion). These predictions provide useful guidance for research-
ers in deciding which of the statistics of JD to use.

We used a parsimonious approach, assuming the mini-
mum species pool size S =2, to examine the relationship
between SIPs and incidence matrices (Fig. 4). This approach
can be generalized to larger species pool sizes. For example,
even if the species pool size is large like S, =100, we can
extract a subset pair of species s and s’ , and examine whether
this pair form the nestedness, checkerboard, or dominance
incidence-pattern. This approach has long been used in ecol-
ogy, with a history dating back to the early studies of com-
munity assemblages and island biogeography (MacArthur
and Wilson 1963, MacArthur and Wilson 1967, Diamond
1975, Connor and Simberloff 1979), nowadays known as
‘null model analysis’ (Gotelli and Graves 1996, Gotelli 2000,
Peres-Neto et al. 2001, Leibold et al. 2004, Gotelli and Ulrich
2011, Hui and McGeoch 2014). Building up the theoretical
framework from the simplest to more complex (and realistic)
scenarios could be a next step to advance the field of quantita-
tive ecology.
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How does our framework align with traditional, random-
ization-based null model analyses? In general, null model
analyses evaluate the null distribution of species co-occur-
rence to detect deviations of observed patterns. Within this
framework, ‘environmentally constrained null models’ allow
species to vary in presence probabilities (i.e. occupancy het-
erogeneity; Peres-Neto et al. 2001, D’Amen et al. 2017).
Specifically, Peres-Neto et al. (2001) assume that the sum of
presence probabilities for each species inhabiting numerous
sites is fixed (to unity), analogous to the assumption of the
fixed average sum i, + 1, in deriving the transfer-principle for
beta (Fig. 3). We can then formulate a corresponding predic-
tion for co-occurrence analyses under environmentally con-
strained null models as follows: we swap the labels of species
and sites (considering two species occupying numerous sites)
and suppose measuring co-occurrence with Jaccard similar-
ity (1 — ). Then, the transfer-principle for beta (Fig. 3) pre-
dicts that co-occurrence is more likely (i.e. JD is low) when
sites exhibit uneven presence probabilities. Intuitively, if
one species is present mainly in sites 1 and 2 with the other
occupying mainly site 3, then co-occurrence is unlikely. This
framework can be also be extended to evaluate whether other
co-occurrence indices are Schur-convex (Stone and Roberts
1990), potentially clarifying the differences among the co-
occurrence indices. Thus, our framework integrates with
null model theory, providing a theoretical foundation for co-
occurrence analyses while offering predictions that enrich our
understanding of species distribution patterns.

Using the two-species case, we showed that the anti-parallel
nestedness SIPs have higher beta-diversity than do the paral-
lel SIPs. In the anti-parallel nestedness SIPs (one SIP upward
and the other downward) that have a higher beta-diversity
than do the parallel SIPs (downward SIPs), one species has
a higher chance of occurrence in a site but a lower chance of
occurrence in the other site, than does the other species. This
means that these species tend to shape the checkerboard inci-
dence patterns and thus have large beta-diversity. In contrast,
in the parallel SIPs, one species dominates over the other in
the chance of occurrence, likely shaping the dominance inci-
dence patterns (one species is found commonly but the other
is totally absent).

In addition, as the steepness of parallel nestedness SIPs
gets larger, the likeliness of dominance matrices becomes
higher and therefore the expectation of JD gets smaller. On
the other hand, as the steepness of anti-parallel nestedness
SIPs gets larger, the likeliness of checkerboard matrices gets
larger and therefore so does the expectation of JD. As these
incidence matrices have been the most prominent patterns
in ecology assemblage theory (Diamond 1975, Connor and
Simberloff 1979), the present framework suggests that it is
promising to explicitly incorporate occupancy heterogeneity
into existing theory to better understand beta-diversity pat-
terns. Comparing SIPs with specific incidence matrices can
offer insights into spatial incidence patterns, and using this
framework may enhance our understanding of heterogene-
ity’s impact on beta-diversity.

Numerous studies have sought to infer community
assembly processes from incidence data, sparking debates
over their validity (Diamond 1975, Connor and Simberloff
1979). However, Cazelles et al. (2015) and Blanchet et al.
(2020) argued that the co-occurrence data provide merely a
poor surrogate for community assembly process. Similarly,
while we promote using SIPs to visualize beta-diversity pat-
terns, we caution that linking SIPs to specific mechanisms
of community assembly is also difficult. Our models are
thus better suited to not inferring but incorporating mecha-
nisms and processes of species occurrences (MacKenzie et al.
2018, Chapter 2). An intriguing link between mechanisms
and occurrence is in the effect of dispersal. The prevailing
view that dispersal induces biotic homogenization derived
by mechanistic models (Loreau 2000, Mouquet and Loreau
2003) is recently found to be independent of niche-breadths
(Thompson et al. 2020, but see Vannette and Fukami 2017,
Lu 2021). If extremely narrow niche breadths result in the
independence of incidence (Thompson et al. 2020), the
mechanistic models and the present framework may provide
a mutually complementary explanation for beta-diversity pat-
terns, if colonization as a form of dispersal increases presence
probabilities. Integrating these models with the recent theo-
retical framework that decomposes beta-diversity into colo-
nization and extinction components (Tatsumi et al. 2021,
2022) could provide a more comprehensive understanding
of beta-diversity patterns linking mechanisms and diversity
measurements. In this context, the finding that the variance
of JD tends to be small (and smaller as the species pool size
increases) may suggest that such developed methodologies
may be capable of accurately estimating JD.

Applying the method to species distribution models
(SDMs) shows that woodpecker distributions in Switzerland
will change significantly in the future. Although we assumed
the species-independence in the model, joint SDMs
(JSDMs) allow for incorporating environmentally medi-
ated non-independence of species occurrences (Pollock et al.
2014). However, JSDMs do not control for the effects of
biotic interactions on species’ occurrences and are unable
to tease apart environmental effects from species interac-
tions (Poggiato et al. 2021). Also, JSDMs and SDMs tend
to yield similar predictions of abiotic niches in some systems
(Zurell et al. 2020a, Poggiato et al. 2021). Implementing
JSDMs to the present application in woodpecker SDMs
might therefore produce comparable results. Such results
would yield a more convincing insight into conserving and
managing the shifts in species distributions in response to
global changes.

We adopted the species-independence assumption
throughout our analysis (Simberloff 1969). Although this
assumption is violated by various factors such as species
interactions or environmental covariates, there may be cases
where species incidences are independent. For example, the
effect of species interactions on community assembly may
be minor (Sandal et al. 2022, Halperin 2023). Similarly,
disturbance may have dominating effects over competition
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on community assembly (Connell and Slatyer 1977, Sousa
1979), in which case the correlation in species incidences
may be weak. Examining the effect of species interactions on
incidences and spatial biodiversity requires considering the
conditional probabilities that some species is present given
that the other is (or is not) or the probability of co-occurrence
of two species (Supporting information). Our supplementary
analyses showed that, for a two-species model, the transfer-
principle for beta holds when the species’ occurrences are neg-
atively correlated; this prediction is intuitive, since negative
association between species may likely generate checkerboard
incidence matrices. For more than two species, however, one
would have to consider all possible combinations of species
incidences for conditional probabilities, as well as paramet-
ric constraints (Supporting information). There are various
modeling approaches to examine the effect of species interac-
tions, and resulting predictions may be comparable to the
present findings for generating hypotheses.

Our model focused on incidence data and fixed a species
pool size, but several promising directions exist for extend-
ing the framework: 1) abundance data and 2) detection
uncertainty. Chao et al. (2004, 2006) have proposed an
abundance data-analogue of JD, and combining our method
with theirs could allow for addressing numerous questions
of beta-diversity patterns: is the transfer-principle for beta
applicable to abundance-based JD? What is the relationship
between the expression of the derived expectation of JD and
abundance-based JD? Can we partition the nestedness com-
ponent of abundance-based JD further into subcomponents
corresponding to anti-parallel and parallel nestedness, and
if so, what do these subcomponents tell us (Baselga 2010,
2012)? Another is to consider detection errors (false posi-
tives and negatives; MacKenzie et al. 2018, Chapter 4) and
undetected species in pursuit of rarefaction and extrapola-
tion (dark diversity; Carmona and Pirtel 2020, Chao et al.
2023). Integrating the uncertainty into the present method
would provide a unifying framework for the stochastic theory
of biodiversity measurement.

Our study has implications for conservation. Generally,
beta-diversity is a key factor for ecosystem functioning from
local to global scales (Socolar et al. 2016, Mori et al. 2018).
Local ecosystem functioning may be driven by species’ func-
tional dissimilarity like niche-differentiations (Godoy et al.
2020). For example, Loiseau et al. (2016) pointed out that
conservation management designed to protect taxonomic
diversity cannot be fully reconciled with functional diversity
management. This result has to do with our prediction that,
when two sites are fully homogeneous, the uneven chance
of occurrence reduces beta-diversity. Therefore, considering
that occupancy heterogeneity is correlated with functional
diversity (Palacio et al. 2022), where environmental similarity
results in the similarity of presence probabilities of function-
ally similar species, the present prediction suggests that a con-
servation management aiming to maintain high beta-diversity
be traded- off against the local, functional diversity. This
trade-off becomes more complex when the two sites are het-
erogeneous in species’ chances of occurrence. One promising
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approach to advance the field is thus to identify the condition
for the chance of occurrence of species to be balanced (i.e.
even). This then produces new interesting questions. Moving
forward, open questions include: how does incidence-based
beta-diversity respond to changes in functional diversity in
colonization ability and extinction tolerance (the capabilities
of persistence against disturbances)? How does functional
diversity, in turn, respond against the reduction in composi-
tional dissimilarity (biotic homogeneization)?

To conclude, we investigated how beta-diversity varies
with the heterogeneity in the chances of occurrence of spe-
cies in two sites. We analyzed the expectation and variance of
the Jaccard dissimilarity index. Using a graphical representa-
tion, SIPs, we provided several key predictions for the effect
of occupancy heterogeneity on beta-diversity. This work
will help researchers to better understand the probabilistic,
or stochastic, nature of Jaccard dissimilarity (Baroni-Urbani
1980, Real and Vargas 1996). Future studies may explore
the effects of species associations on the probabilistic prop-
erties of Jaccard dissimilarity. It is also possible to carry out
occupancy dynamics analyses, beyond pairwise dissimilarity
analyses (MacKenzie et al. 2018), although careful attention
on inferences of biological processes from incidence data
is required (Blanchet et al. 2020). A promising approach
includes a process-based approach (Thompson et al. 2020,
Godsoe et al. 2022, Pilowsky et al. 2022), by which we can
incorporate further complications that influence beta-diver-
sity. Our method can incorporate additional realities to track
and manage the changes in species distributions under global
changes.
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